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Curvature-dimension condition meets Gromov’s n-volumic
scalar curvature
Jialong Deng
Abstract
We study the properties of the n-volumic scalar curvature in this note. Lott-Sturm-Villani’s
curvature-dimension condition CD(κ, n) was showed to imply Gromov’s n-volumic scalar cur-
vature ≥ nκ under an additional n-dimensional condition. Then we propose a new weighted
scalar curvature on the weighted Riemannian manifold and show the stability of n-volumic
scalar curvature≥ κ.
The concept of lower bounded curvature on the metric space or the metric measure space has
evolved to a rich theory due to the Alexandrov’s insight. The stability of Riemannian manifolds
with curvature bounded below is another deriving force. However, the scalar curvature (of Rie-
mannian metric) bounded below was yet absent from this picture. Gromov proposed a synthetic
treatment of scalar curvature bounded below, which was called the n-volumic scalar curvature
bounded below (Scvoln ≥ κ), and offered some pertinent conjectures in [Gro17, Section 26].
Motivated by the CD(κ, n) condition, we add a n-dimension condition to the Gromov’s defi-
nition and introduce the definition of Scα,β on the smooth metric measure space. We modify the
measured Gromov-Hausdorff convergence to show that Scvoln ≥ κ is stable under the strongly
measured Gromov-Hausdorff convergence. Smooth metric measure spaces with Scα,β > 0 also can
be approached by Gromov-Lawson’s index theory method and Schoen-Yau’s minimal hypersurface
method.
The paper is organized as follows. In Section 1, we introduce the notions and show that
CD(κ, n) implies Scvoln ≥ (n − 1)κ. In Section 2 we present the properties of the smooth metric
measure space with Scα,β > 0. In Section 3, we show the stability of spaces with Sc
voln ≥ κ.
1. CD meets n-volumic scalar curvature
Petrunin [Pet11] showed that the n-dimensional Aleksandrov space with curvature≥ κ equipped
with the volume-measure satisfies Lott-Villani-Sturm’s weak curvature-dimension condition for di-
mension n and curvature (n − 1)κ, i.e. CD((n − 1)κ, n). We modify Gromov’s definition of
n-volumic scalar curvature bounded below in [Gro17, Section 26] to fill the picture, which means
Lott-Sturm-Villani’s Ricci curvature ≥ 0 implies Gromov’s scalar curvature ≥ 0.
The metric measure space (mm-space) X = (X, d, µ) means that d is the complete separable
length metric on X and µ is the locally finite full supported Borel measure on X equipped with its
Borel σ-algebra. Say that a mm-space X = (X, d, µ) is locally volume-wise smaller (or not greater)
than another such space X ′ = (X ′, d′, µ′) and write X <vol X
′(X ≤vol X ′), if all ǫ-balls in X are
smaller (or not greater) than the ǫ-balls in X ′, µ(Bx(ǫ)) < µ
′(Bx′(ǫ))(µ(Bx(ǫ)) ≤ µ′(Bx′(ǫ)), for
all x ∈ X,x′ ∈ X ′ and the uniformly small ǫ which depends on X and X ′.
From now on, the Riemannian 2-sphere (S2(γ), dS , volS) is endowed with round metric such
that the scalar curvature equal to 2γ−2, (Rn−2, dE , volE) is endowed with Euclidean metric with
flat scalar curvature and the the product manifold S2(γ)×Rn−2 is endowed with the Pythagorean
product metrics dS×E :=
√
d2S + d
2
E and the volume volS×E := volS ⊗ volE .
Definition (Gromov). The n-volumic scalar curvature of X is bounded from below by 0 for
X = (X, d, µ), i.e. Scvoln(X) ≥ 0, if X is locally volume-wise not greater than Rn.
The n-volumic scalar curvature of X bounds from below by κ > 0 for X = (X, d, µ), i.e.
Scvoln(X) ≥ κ > 0, if X is locally volume-wise smaller than S2(γ) ×Rn−2 for all γ >
√
2
κ
, i.e.
X <vol S
2(γ)×Rn−2 and γ >
√
2
κ
, where S2(γ)×Rn−2 = (S2(γ)×Rn−2, dS×E , volS×E).
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The n-volumic scalar curvature is sensitive to the scaling of the measure, however, the curvature
condition CD(κ, n) of Lott-Villani-Sturm [Stu06, Definition 1.3] is invariant up to scalars of the
measure only [Stu06, Proposition 1.4 (ii)]. Therefore, the n-dimensional condition is needed to
be put into the definition of Gromov’s n-volumic scalar curvature. In fact, the n-dimensional
condition is the special case of Young’s point-wise dimensions in dynamical system.
Definition 1.1 (n-dimensional condition). For given positive natural number n, the mm-space
X = (X, d, µ) satisfies the n-dimensional condition if lim
r→0
µ(Br(x))
volE(Br(Rn))
= 1 for every x ∈ X , where
Br(R
n) is the closed r-ball in the Euclidean space Rn and the Br(x) is the closed r-ball with the
center x ∈ X .
Definition 1.2. The n-volumic scalar curvature of Xn, where Xn = (Xn, d, µ) is the compact
mm-space which satisfies the n-dimensional condition, is bounded from below by 0 if there exists
rX > 0 such that the measure of ǫ-balls in X are not greater than the volume of ǫ-balls in R
n for
0 < ǫ ≤ rX .
The n-volumic scalar curvature of Xn is bounded from below by κ > 0, i.e. Scvoln(X) ≥ κ > 0,
if there exists rX > 0 such that the measure of ǫ-balls in X are not greater than the volume of
ǫ-balls in S2(γ)×Rn−2 for γ =
√
2
κ
and 0 < ǫ ≤ rX .
The rX be called scalar curvature radius (SC-radius) of X .
If the mm-space X is locally compact, then the definition of the n-volumic scalar curvature
bounded below is only modified the definition of the SC-radius by a positive continuous function
of X .
Remark 1.1. IfXn satisfies Scvoln(X) ≥ κ ≥ 0, then each mm-space (Xn1 , d1, µ1) which is isometric
to (Xn, d, µ) also satisfies Scvoln(Xn1 ) ≥ κ ≥ 0.
Remark 1.2. The n-volumic scalar curvature has the following properties:
(1) Let g be a C2-smooth Riemannian metric on a closed oriented n-manifold M with induced
metric measure space (Mn, dg, dVolg), the the scalar curvature of g, Sc(g) ≥ κ ≥ 0 if and
only if Scvoln(Mn) ≥ κ.
(2) Additivity under Cartesian Products:
If Scvoln1 (X1) ≥ κ1 ≥ 0 for the compact mm-space (Xn11 , d1, µ1) and Scvoln2 (X2) ≥ κ2 ≥ 0
for the compact mm-space (Xn22 , d2, µ2), then
Scvoln1+n2 (Xn11 ×Xn22 ) ≥ κ1 + κ2, rX1×X2 = min{rX1 , rX2}
for (Xn11 ×Xn22 , d3, µ3). Here Xn11 ×Xn22 are endowed with the measure µ3 := µ1 ⊗ µ2 and
wih the Pythagorean product metric d3 :=
√
d21 + d
2
2.
(3) Quadratic Scaling:
Let the compact mm-space (Xn, d, µ) satisfies with Scvoln(Xn) ≥ κ ≥ 0, then Scvoln(λXn) ≥
λ−2κ ≥ 0 and rλX = rX for all λ > 0, where λXn := (Xn, λ · d, λn · µ).
(4) Global to local:
Let the compact mm-space (Xn, d, µ) satisfies with Scvoln(Xn) ≥ κ ≥ 0 and Y ⊂ X be
an open subset. Then, if (Y, dY ) is a complete length space, (Y, dY , µxY ) satisfies with
Scvoln(Y ) ≥ κ ≥ 0 and rY = rX . Where dY is the induced metric of d and µxY is the
restriction operator, namely, µxY (A) := µ(Y ∩A) for A ⊂ X .
(5) Local to global:
Let {Yi}i∈I be a finite open cover of a local compact mm-space (Xn, d, µ). Assume that
(Yi, dYi) are a complete length space and (Yi, dYi , µxYi) satisfies with Sc
voln(Yi) ≥ κ ≥ 0,
then (Xn, d, µ) satisfies with Scvoln(Yi) ≥ κ ≥ 0 and rX can be choose a partition of unity
of the functions {rYi}i∈I .
Theorem 1.1. Assume that the mm-space (Xn, d, µ) satisfies n-dimensional condition and the
curvature-dimension condition CD(κ, n) for κ ≥ 0 and n ≥ 2, then (Xn, d, µ) satisfies Scvoln(Xn) ≥
nκ.
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Proof. In fact, one only needs the generalized Bishop-Gromov volume growth inequality which is
implied by the curvature-dimension of Xn [Stu06, Theorem 2.3].
(i) If κ = 0, then µ(Br(x))
µ(BR(x))
≥ ( r
R
)n for all 0 < r < R. That is
µ(Br(x))
α(n)rn
≥ µ(BR(x))
α(n)Rn
:=
µ(Br(x))
volE(Br(Rn))
≥ µ(BR(x))
volE(BR(Rn))
where α(n) = volE(Br(R
n))
rn
. Combing the n-dimensional condition, lim
r→0
µ(Br(x))
volE(Br(Rn))
= 1, that
implies Scvoln(X) ≥ 0.
(ii) If κ > 0, then µ(Br(x))
µ(BR(x))
≥
∫
r
0
[sin(t
√
κ
(n−1)
)]n−1dt∫
R
0
[sin(t
√
κ
(n−1)
)]n−1dt
for all 0 < r ≤ R ≤ π
√
(n−1)
κ
.
Since the scalar curvature of the product manifold S2(γ)×Rn−2 is nκ, where γ =
√
2
nκ
, then
there exists C1, C2 > 0 such that
1− nκ
6(n+ 2)
r21 − C2r41 ≤ ˜volS×E(Br1(x)) :=
volS×E(Br1(x))
volE(Br1(R
n))
≤ 1− nκ
6(n+ 2)
r21 + C2r
4
1 ,
for x ∈ S2(γ)×Rn−2 and r1 ≤ C1, where C1, C2 are decided by the product manifold S2(γ)×Rn−2.
Let ˜µ(Br(x)) :=
µ(Br(x))
volE(Br(Rn))
and f(r) :=
∫
r
0
[sin(t
√
κ
(n−1)
)]n−1dt
volE(Br(Rn))
, then the generalized Bishop-
Gromov inequality can be re-formulated by ˜µ(BR(x)) ≤ ˜µ(Br(x)) f(R)f(r) for all 0 < r < R ≤
π
√
(n−1)
κ
. The asymptotic expansion of f(r) is
f(r) =
1
n
rn[ κ(n−1) ]
(n−1)
2 − (n−1)6(n+2)rn+2[ κ(n−1) ]
n+1
2 + O(rn+4)
volE(Br(Rn))
as r→ 0. Thus, the asymptotic expansion of f(R)
f(r) is
f(R)
f(r)
=
1− nκ6(n+2)R2 +O(R4)
1− nκ6(n+2)r2 +O(r4)
as R→ 0, r → 0. The n-dimensional condition, lim
r→0
˜µ(Br(x)) = 1, implies that
˜µ(BR(x)) ≤ 1− nκ
6(n+ 2)
R2 +O(R4)
as R→ 0. Therefore, for any κ′ with 0 < κ′ < κ, there exists ǫ > 0 such that for any R ≤ ǫ
˜µ(BR(x)) < ˜volS×E(BR(x))
where ˜volS×E(BR(x)) =
volS×E(BR(x))
volE(BR(Rn))
is defined as before, the balls BR(x) are in S
2(γ) ×Rn−2
and γ =
√
2
nκ′
. That is X <vol S
2(γ)×Rn−2, for all γ >
√
2
nκ
, i.e Scvoln(Xn) ≥ nκ.
Remark 1.3. Therefore, the mm-space (Xn, d, µ) with Scvoln(Xn) ≥ nκ includes the mm-spaces
which satisfies n-dimensional condition and the generalized Bishop-Gromov volume growth inequal-
ity as stated in the proof. For example, the mm-spaces with the Riemannian curvature condition
RCD(κ, n) or with the measure concentration property MCP (κ, n).
Question 1.1. Let Aln(1) be an orientable compact n-dimensional orientable Aleksandrov space
with curvature ≥ 1, then if all continuous maps φ from Aln(1) to the sphere Sn with standard
metric of non-zero degree satisfy Lip(φ) ≥ C(n)? Where Lip(φ) is the Lipschitz constant of φ,
φ maps the boundary of Aln(1) to a point in Sn and C(n) is a constant depending only on the
dimension n.
Question 1.2. Assume the orientable compact mm-space (X, d, µ) satisfies the curvature-dimension
condition CD(n− 1, n), n-dimensional condition and the covering dimension is also n, then if all
continuous maps φ from (X, d, µ) to the sphere Sn with standard metric of non-zero degree satisfy
Lip(φ) ≥ C(n)? Where C1(n) is a constant only depends n.
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Remark 1.4. The above questions are inspired by Gromov’s spherical Lipschitz bounded theorem in
[Gro18, Section 3], and results in above. The finite covering dimension is equal to the cohomological
dimension over integer ring Z for the compact metric space by the Alexandroff theorem. The best
constant of C(n) and C1(n) would be 1 if both questions have positive answers.
2. Smooth mm-space with Scα,β > 0
Let the smooth metric measure space (Mn, g, e−fdVolg) (also be called weighted Riemannian
manifold in some references), where f is the C2-function on Mn, g is a C2-Riemannian metric and
n ≥ 2, satisfies with the curvature-dimension condition CD(κ, n) for κ ≥ 0, then Mn also satisfies
Scvoln(Mn) ≥ nκ.
The Ricci Bakry-Emery curvature≥ κ (RicMf = Ricc+Hess(f) ≥ κ) has been deeply studied
and it induces the Lott-Sturm-Villani theory. Motivated by the important of the Ricci Bakry-
Emery curvature, the weighted sectional curvature of smooth mm-space was proposed and discussed
in [Wyl15]. On the other hand, Perelman defined and used the P-scalar curvature in his F -
functional in [Per02, Section 1]. Motivated by the P-scalar curvature, i.e. Scg +2△g f −‖▽g f‖2g,
we define the scalar curvature Scα,β on the smooth mm-space (M
n, g, e−fdVolg) by Scα,β :=
Scg + α△g f − β‖ ▽g f‖2g. Note that here the Laplacian △g is the trace of the Hessian.
For an orientable closed surface with density (Σ, g, e−fdVolg) with Scα,β > 0 and β ≥ 0, then
the inequality,
0 <
∫
Σ
Scα,βdVolg =
∫
Σ
(Scg + α△g f − β‖ ▽g f‖2g)dVolg = 2πχ(Σ)− β
∫
Σ
‖ ▽g f‖2gdVolg,
implies that Σ is a 2-sphere.
The following proposition of vanishing the Â-genus owns to Perelman essentially and the proof
is borrowed from [AC17, Proposition 1].
Proposition 2.1 (Vanishing the Â-genus). Assume the smooth mm-space (Mn, g, e−fdVolg) is
closed and spin. If α ∈ R , β ≥ |α|24 and Scα,β > 0, then the Â-genus of Mn vanishes.
Proof. Let ψ be a harmonic spinor, though the Schroedinger-Lichnerowicz-Weitzenboeck formula
D2 = ▽∗▽+ 14Scg, one have
0 =
∫
M
[‖ ▽g ψ‖2g +
1
4
(Scα,β − α△g f + β‖ ▽g f‖2g)‖ψ‖2g]dVolg
=
∫
M
[‖ ▽g ψ‖2g + (
1
4
Scα,β +
β
4
‖ ▽g f‖2g)‖ψ‖2g +
α
4
〈▽gf,▽g‖ψ‖2g〉g]dVolg.
Then one gets
• |α|4 ‖〈▽gf,▽g‖ψ‖2g〉g‖ ≤ |α|4 (c‖ ▽g f‖g‖ψ‖g × 2c−1‖ ▽g ψ‖g)
≤ |α|c28 ‖ ▽g f‖2g‖ψ‖2g + c
−2|α|
2 ‖ ▽g ψ‖2g
Therefore,
0 ≥
∫
M
[(1 − c
−2|α|
2
)‖ ▽g ψ‖2g +
2β − c2|α|
8
‖ ▽g f‖2g‖ψ‖2g +
1
4
Scα,β‖ψ‖2gdVolg,
where c 6= 0. If c−2|α| ≤ 2, β ≥ c2|α|2 and Scα,β > 0, then ψ = 0. So the condition α ∈ R
and β ≥ |α|24 are needed.
• |α|4 ‖〈▽gf,▽g‖ψ‖2g〉g‖ ≤ |α|4 (‖▽g f‖g‖ψ‖g×2‖▽gψ‖g) = |α|2 (c1‖▽g f‖g‖ψ‖g× c−11 ‖▽gψ‖g)
≤ |α|4 (c21‖ ▽g f‖2g‖ψ‖2g + c−21 ‖ ▽g ψ‖2g)
Thus,
0 ≥
∫
M
[(1 − c
−2
1 |α|
4
)‖ ▽g ψ‖2g +
β − c21|α|
4
‖ ▽g f‖2g‖ψ‖2g +
1
4
Scα,β‖ψ‖2gdVolg,
where c1 6= 0. If c−21 |α| ≤ 4, β ≥ c21|α| and Scα,β > 0, then ψ = 0. Also the condition α ∈ R
and β ≥ |α|24 are needed.
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Corollary 2.1. Assume the smooth mm-space (Mn, g, e−fdVolg) is closed and spin. If α ∈ R ,
β ≥ |α|24 and Scα,β > 0, then the Rosenberg index of Mn vanishes.
Proof. Since the C∗(π1(M
n))-bundle in the construction of Rosenberg index is flat, there are no cor-
rection terms due to curvature of the bundle. Then the Schroedinger-Lichnerowicz-Weitzenboeck
formula and the argument in the proof of vanishing of Â-genus can be applied without change.
Proposition 2.2 (Conformal to PSC-metrics). Let (Mn, g, e−fdVolg) be a closed smooth mm-
space with Scα,β > 0. If the dimension n ≥ 3, α ∈ R and β ≥ (n−2)|α|
2
4(n−1) , then there is a metric g˜
conformal to g with positive scalar curvature (PSC-metric).
Proof. One only need to show for all u nontrivial,
∫
M
−uLgudVolg > 0 as in the Yamabe problem,
where Lg := △g − n−24(n−1)Scg is conformal Laplacian operator. To see this,∫
M
−uLgudVolg =
∫
M
[‖ ▽g u‖2g +
n− 2
4(n− 1)Scgu
2]dVolg
=
∫
M
[‖ ▽g u‖2g +
n− 2
4(n− 1)(Scα,β − α△g f + β‖ ▽g f‖
2
g)u
2]dVolg
=
∫
M
[‖ ▽g u‖2g +
n− 2
4(n− 1)(Scα,β + β‖ ▽g f‖
2
g)u
2 +
α(n− 2)
2(n− 1) 〈▽gf,▽gu〉gu]dVolg
Though the inequality
〈▽gf,▽gu〉gu ≤ c2‖ ▽g f‖gu× c−12 ‖ ▽g u‖g ≤
c22‖ ▽g f‖2gu2 + c−22 ‖ ▽g u‖2g
2
,
one gets ∫
M
−uLgu dVolg ≥∫
M
[(1 − |α|c
−2
2 (n− 2)
4(n− 1) )‖ ▽g u‖
2
g+
(β − |α|c−22 )(n− 2)
4(n− 1) ‖ ▽g f‖
2
gu
2 +
n− 2
4(n− 1)Scα,βu
2]dVolg
where c2 6= 0.
If |α|c−22 ≤ 4(n−1)n−2 , β ≥ c22|α| and Scα,β > 0, then
∫
M
−uLgudVolg > 0. So the condition n > 2,
α ∈ R and β ≥ (n−2)α24(n−1) are needed.
Remark 2.1. The two propositions above offer a geometric reason why the condition of the vanishing
of Â-genus (without simply connected condition) does not imply thatMn can admit a PSC-metric
for the closed spin manifold Mn.
Corollary 2.2. Let (Mn, g, e−fdVolg) be a closed smooth mm-space with Scα,β > 0, 2 ≤ n ≤ 8,
α ∈ R and β ≥ (n−2)|α|24(n−1) , then the Lipschitz constant of the continuous map φ from (Mn, g, e−fdVolg)
to the sphere Sn with standard metric of non-zero degrees has uniformly non-zero lower bounded.
Proof. There is a metric g˜ conformal to g with scalar curvature≥ n(n − 1) by the proposition of
conformal PSC-metrics. For the continuous map φ from (Mn, g˜) to Sn of non-zero degrees, the
Lipschitz constant of φ is greater than a constant which depends only on the dimensions n by
Gromov’s spherical Lipschitz bounded theorem [Gro18, Section 3]. Since the conformal function
has the positive upper bound by the compactness of the manifold, then the Lipschitz constant has
uniformly non-zero lower bounded.
Corollary 2.3. For the closed smooth mm-space (Mn, g, e−fdVolg) with Sc
voln(Mn) ≥ κ > 0,
there is a metric gˆ conformal to g with PSC-metric. In particular, the Â-genus and Rosenberg
index vanish with additional spin condition.
For the closed smooth mm-space (Mn, g, e−fdVolg) with Sc
voln(Mn) ≥ κ > 0, then the Lipschitz
constant of the continuous map φ from (Mn, g, e−fdVolg) to the sphere S
n with standard metric
of non-zero degrees has uniformly non-zero lower bounded.
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Proof. The volume of the small disk of (Mn, g, e−fdVolg) was computed in [Qia97, Theorem 8],
µ(Br(x)) = volE(Br)
[
1− Scg + 3△g f − 3‖ ▽g f‖
2
g
6(n+ 2)
r2 +O(r4)
]
as r→ 0. Since Scvoln(Mn) > 0, i.e. µ(Br(x)) < volE(Br) as r → 0, then Scg+3△gf−3‖▽gf‖2g >
0. Therefore the propositions of vanishing the Â-genus and of conformal PSC-metrics and the
corollary 2.2 imply it.
Beside using the Dirac operator method, Schoen-Yau’s minimal hypersurface method is another
main idea. For an immersed orientable hypersurface Nn−1 ⊂ Mn, the weighted mean curvature
vector Hf of N
n−1 is defined by Gromov in [Gro03, 9.4 E], Hf = H + (▽gf)⊥, where H is
the mean curvature vector field of the immersion, (·)⊥ is the projection on the normal bundle of
Nn−1. Vincent Bayle derived the first and second variational formula for the weighted volume
functional of Nn−1 in his thesis. We take the detailed presentation of such derivation for [CMZ15].
The (Nn−1, g¯) with the induced metric is called f -minimal hypersurface if the weighted mean
curvature vector Hf vanishes identically. In fact, the definition of f -minimal hypersurface also
can be derived from the first variational formula. Furthermore, an f -minimal hypersurface is a
minimal hypersurface of (Mn, g˜) where g˜ is the conformal metric of g, g˜ = e−
2f
n−1 g.
The connection between the geometry of the ambient smooth mm-space and the f -minimal
hypersurfaces occurs via the second variation of the weighted volume functional. For a hypersurface
(Nn−1, g¯), the Lf operator is defined by Lf := △f + |A|2+RiccMf (ν, ν), where ν is the unit normal
vector, |A|2 denotes the square of the norm of the second fundamental form A of Nn−1 and
△f := △g¯ − 〈▽g¯f,▽g¯·〉 is the weighted Laplacian. Through the second variational formula, a two
sided f -minimal hypersurface Nn−1 is stable (called Lf -stable) if for any compactly supported
smooth function u ∈ C∞c (Nn−1), it holds that −
∫
N
uLfue
−fdVolg¯ ≥ 0.
Proposition 2.3. Let (Mn, g, e−fdVolg) be a closed orientable smooth mm-space with Scα,β > 0
and (Nn−1, g¯) be the compact Lf -stable minimal hypersurface of (M
n, g, e−fdVolg). If the dimen-
sion n ≥ 3, α = 2 and β ≥ n−2
n−1 , then there exists a PSC-metric conformal to g¯ on N
n−1.
Proof. The f -minimal hypersurface (Nn−1, g¯) is Lf -stable if and only if (N
n−1, ¯˜g) is stable as
a minimal hypersurface on (Mn, g˜), where g˜ := e−
2f
n−1 g and ¯˜g is the induced metric of g˜ (See
[CMZ15, Appendix]). On the other hand, the scalar curvature of (Mn, g˜) is Scg˜ = e
f
n−1 (Scg +
2△g f − n−2n−1‖ ▽g f‖2g). Thus, Scα,β > 0 with n ≥ 3, α = 2 and β ≥ n−2n−1 implies Scg˜ > 0. Then
the standard Schoen-Yau’s argument can be applied to show that ¯˜g conformal to a PSC-metric on
Nn−1.
Remark 2.2. The minimal hypersurface method poses a stricter condition to the valid range of α, β
than that of the Dirac operator method.
Since the oriented compact manifold with a PSC-metric in 2 and 3 dimensions are classified
by Gauess-Bonnet theorem and Perelman-Thurston geometrization theorem, then proposition 2.3
can give the following elementary application:
Corollary 2.4. Let (Mn, g, e−fdVolg) be a closed orientable smooth mm-space with Scα,β > 0.
1. If n = 3, α = 2 and β ≥ 12 , then there is no compact immersed Lf -stable minimal 2
dimensional surface with positive genus.
2. If n = 4, α = 2 and β ≥ 23 , then the compact immersed Lf -stable minimal 3 dimensional
submanifold must be spherical 3-manifolds, S2 × S1 or the connected sum of spherical 3-
manifolds and copies of S2 × S1.
Historical remark. The prototype of the corollary 2.4 (1) is the Schoen-Yau’s classic result which
said that the oriented closed 3-manifolds with a PSC-metric has no compact immersed stable
minimal surface of positive genus. Schoen-Yau’s theorem had be generalized to Perelman’s P-
scalar curvature> 0 by E. Fan.
Example. For α = 2(n−1)
n
and β = (n−1)(n−2)
n2
, the SC 2(n−1)
n
,
(n−1)(n−2)
n2
is the Chang-Gursky-Yang’s
conformally invariant scalar curvature for the smooth mm-space. That means for a C2-smooth
function w on Mn, one has SC 2(n−1)
n
,
(n−1)(n−2)
n2
(e2wg) = e−2wSC 2(n−1)
n
,
(n−1)(n−2)
n2
(g).
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For α = 2 and β = m+1
m
, where m ∈ N ∪ {0,∞}, the SC2,m+1
m
is Case’s weighted scalar
curvature and Case also defined and studied the weighted Yamabe constants in [Cas13]. Case’s
weighted scalar curvature is the classical scalar curvature if m = 0. If m =∞, then it is Perelman’s
P-scalar curvature.
The smooth mm-space with Scα,β > 0 under suit ranges of α and β implies the manifold admits
PSC-metrics, but the manifold (itself) which can admits PSC-metrics no necessarily implies there
exists Scα,β > 0.
Question 2.1. Does the smooth mm-space with Scα,β > 0 under suitable ranges of α and β give
more topological restriction on the manifold than the PSC-metric on the manifold?
3. smGH-Convergence
Let {µn}n∈N and µ be Borel measures on the space X , then the sequence {µn}n∈N is said to
converge strongly (also be called setwise convergence) to a limit µ if lim
n→∞
µn(A) = µ(A) for every
A in the Borel σ-algebra.
A map f : X → Y is called an ε-isometry between compact metric spaces X and Y , if
|dX(a, b)− dY (f(a), f(b))| ≤ ε for all a, b ∈ X and it is almost surjective, i.e. for every y ∈ Y ,
there exists a x ∈ X such that dY (f(x), y) ≤ ε.
In fact, if f is an ε-isometry X → Y , then there is a (4ε)-isometry f ′ : Y → X such that for
all x ∈ X , y ∈ Y , dX(f ′ ◦ f(x), x) ≤ 3ε, dY (f ◦ f ′(y), y) ≤ ε.
Definition 3.1. Let (Xi, di, µi)i∈N and (X, d, µ) are compact mm-space. Xi converges to X in
the strongly measured Gromov-Hausdorff topology (smGH-convergence) if there are measurable
εi-isometries fi : Xi → X such that εi → 0 and fi∗µi → µ in the strong topology of measures as
i→∞.
If the spaces (Xi, dn, µi, pi)i∈N and (X, d, µ, p) are locally compact pointed mm-space, it is said
that Xi converges to X in the pointed strongly measured Gromov-Hausdorff topology (psmGH-
convergence) if there are sequences ri → ∞ and εi → 0, and measurable pointed εi-isometries
fi : Bri(pi)→ Bri(p), such that fi∗µi → µ, where the convergence is strong convergence.
Remark 3.1. Let (Xi, di, µi)i∈N converges to (X, d, µ) in the measured Gromov-Hausdorff topology,
then there are measurable εi-isometries fi : Xi → X such that fi∗µi weakly converges to µ. If
there is a Borel measure ν on X such that sup
i
fi∗µi ≤ ν, i.e. sup
i
fi∗µi(A) ≤ ν(A) for every A in
the Borel σ-algebra on X , then Xi smGH-converges to X (See [Las97, Lemma 4.1]).
Theorem 3.1 (Stability). If compact mm-spaces (Xni , di, µi) with Sc
voln(Xi) ≥ κ ≥ 0 and SC-
radius≥ R > 0 and (Xni , di, µi) smGH-converge to n-dimensional compact mm-space (X, d, µ),
then X also satisfies Scvoln(X) ≥ κ and the SC-radius rX ≥ R.
Proof. Without loss of generality, one only needs to show the case when Scvoln(Xi) ≥ 0. Fix a
x ∈ X and let Br(x) be the small r-ball on X where r < R. Then there exists xi ∈ Xi such
that fi(Br+4εi(xi)) covers Br(x) where Br+4εi(xi) ⊂ Xi and r + 4εi ≤ R. Thus, fi∗µi(Br(x)) <
µi(Br+4εi(xi)). Since Sc
voln(Xi) ≥ 0 and SC-radius≥ R > 0, then µi(Br(xi)) ≤ volE(Br(Rn)) for
all r ≤ R and all i. Therefore fi∗µi(Br(x)) < µi(Br+4εi(xi)) ≤ volE(Br+4εi(Rn)) for r + 4εi ≤ R.
Since εi which is not related to r can be arbitrarily small, then µ(Br(x)) ≤ volE(Br(Rn)).
Definition 3.2 (Tangent space). The mm-space (Y, dY , µY , o) is a tangent space of (X
n, d, µ)
at p ∈ Xn if there exists a sequence λi → ∞ such that (X,λi · d, λni · µ, p) psmGH-converges to
(Y, dY , µY , o) as λi →∞.
Therefore (Y, dY , µY , o) also satisfies the n-dimensional condition.
Corollary 3.1. Assume the compact mm-space (Xn, d, µ) with Scvoln(X) ≥ κ ≥ 0, then the
tangent space (Y, dY , µY , o) of X
n satisfies Scvoln(Y ) ≥ 0 and the SC-radius≥ rX .
Proof. Since the n-volumic scalar curvature has the quadratic scaling property, i.e. Scvoln(λXn) ≥
λ−2κ ≥ 0 and rλX = rX for all λ > 0, where λXn := (Xn, λ · d, λn · µ), then Scvoln(Y ) ≥ 0 is
implied by the stability theorem.
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Let (M, gi) are smooth Riemannian manifolds and {gi}i∈N C0-converges to g, then {gi}i∈N also
smGH-converges to g. Gromov showed that the scalar curvature≥ κ is stable under Co-convergence
in [?, Section 1.8]MR3201312.
Question 3.1. Let smooth mm-spaces (Mn, gi, e
−fdVolgi) which all satisfy Sc
voln(Mn) ≥ 0 and
{gi}i∈N C2-converges to the smooth Riemannian metric g on Mn, then does (Mn, g, e−fdVolg)
also satisfies with Scvoln(Mn) ≥ 0?
Question 3.2. Let mm-spaces (Mn, g, e−fdVolg) with Sc
voln(Mn) ≥ κ > 0, where Mn are closed
smooth manifold, g and f are C0-smooth, then if there exists a PSC-metric on Mn?
The mm-spaces with Scvoln ≥ 0 includes some of the Finsler manifolds, for instance, Rn
equipped with any norm and with the Lebesgue measure satisfies Scvoln ≥ 0 and any smooth
compact Finsler manifold is a CD(κ, n) space for appropriate finite κ and n [Oht09]. It is well-
known that Gigli’s infinitesimally Hilbertian [Gig15] can be saw as a Riemannian condition in
RCD(κ, n) space. Thus, infinitesimally Hilbertian also can be used as a Riemannian condition in
the mm-spaces with Scvoln ≥ 0.
Definition 3.3 (RSC(κ, n) space). The compact mm-space (X, d, µ) is a Riemannian n-volumic
scalar curvature≥ κ space (RSC(κ, n) space) if it is infinitesimally Hilbertian and satisfies the
Scvoln(X) ≥ κ ≥ 0.
Note that any finite dimensional Alexandrov spaces with curvature bounded below are infinites-
imally Hilbertian. Then Aln(κ)⇒ RCD((n− 1)κ, n)⇒ RSC((n(n− 1)κ, n) on (Xn, d,Hn) where
the measure Hn is the n-dimensional Hausdorff measure.
Since any weighted Riemannian manifold (with non-trivial Borel measure) is infinitesimally
Hilbertian (See, [LP20]), the corollary 2.3 also work for (Mn, g, e−fdVolg) with RSC(κ, n) condi-
tion.
The RSC(κ, n) spaces also has the properties of additivity under cartesian products and
quadratic scaling.
Acknowledgment: I am grateful to Thomas Schick for his help and the funding from China
Scholarship Council.
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